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The problem of invertibility of ideals in orders has been studied by a number 
of authors. The commutative case has been considered by Dade, Taussky, and 
Zassenhaus; Frohch; and Singer. Ballew gives a generalization of Frolich’s 
results to a class of noncommutative orders. We examine some of the possible 
extensions of the results of Dade et al. to noncommutative orders. 
1 
We begin by stating the main theorems of [2] in somewhat less generality 
than they were proved. 
THEOREM 1. Let M be a finitely generated Z module in the number 
jield K. Then: 
(a) Mt is invertible for all integers t 2 to . (By Mt we mean the 
module formed by all sums of the form: C m,m, **- m, , mi G M.) 
(b) to can be chosen less than [ K : Q j . 
By invertible here we mean that there is a finitely generated Z module N 
such that MN = O(M), where O(M) is the order of M or its multiplier 
domain in K. 
For the noncommutative case we need some further definitions and 
notation. Let 
R = Dedekind domain with finite residue class fields at all 
primes. 
K = quotient field of R. 
A = central simple K-algebra. 
M = finitely generated R module in A such that K * M = A. 
(M is called an ideal or by some authors, a full R module.) 
L(M), (R(M)) = left (right) order of M. 
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DEFINITION 1. M={x(xEAandMxMCMj. 
DEFINITION 2. [3] M is weakly invertible if M&fM = M. 
DEFINITION 3. M is left (right) invertible if MM = L(M) (MM = 
R(M)). 
DEFINITION 4. M is two-sided invertible if it is both left and right 
invertible. 
DEFINITION 5. M is two-sided 0 invertible if is two-sided invertible 
and L(M) = R(M) = 0. 
First, some remarks about the definitions. It is clear that 5 implies 4, 
4 implies 3, 3 implies 2. Also, 2-5 coincide for commutative orders. We 
also remark that there are modules M which are right invertible and not 
left invertible (see Sect. 2) and modules which are two-sided invertible but 
not two-sided 0 invertible, i.e., any module whose left and right orders are 
maximal but not equal. 
Of the following generalizations of part (a) of Theorem 1, only (2.4) is 
true. 
THEOREM 2. Let M be an ideal in A. Then somepower of M is 
(2.1) two-sided 0 invertible, 
(2.2) two-sided invertible, 
(2.3) left or right invertible, 
(2.4) weakly invertible. 
A counterexample to (2.1), (2.2), and (2.3) is given in Section 2. It is an 
idempotent module which has none of the properties (2.1)-(2.3). For 
Theorem 1, part (b) we might consider the following generalizations. 
THEOREM 3. Let M be an ideal in A. Let t be the smallest integer such 
that Mf is 
(3.1) two-sided 0 invertible; 
(3.2) two-sided invertible; 
(3.3) left or right invertible; 
(3.4) weakly invertible. (We let t = 0 if no power of M has the 
property.) Then t < ( A : K j . 
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Of these (3.3) and (3.4) are known to be false, (see Section 2). There is 
some evidence that (3.1) is true but it is as yet unproved. 
The proof of Theorem 2.4 turns on the following lemma for orders over 
RP , the localization of R at a prime ideal P of R. 
LEMMA 1. Let 0 be an RP order in A. Let M be a two-sided 0 ideal 
(0 CL(M) n R(M)). Further, suppose that MC 0 and M Q PO. Then 
there is an integer s 2 1 such that M 3 P”0. The integer s is independent of 
M but dependent on the order 0. 
Prooj: Let 0’ be a maximal Rp order containing 0. It is well known, 
(see [5]), that 0’ has a unique maximal two-sided ideal A, and that all 
two-sided 0’ ideals are powers of A. Hence the ideal M’ = O’MO’ is a 
power of A, say Aa. Further, it is clear that some power of A, say A”, is 
contained in PO, This is true since DO’ is contained in 0 where D is the 
discriminant of 0 and since PO’ is a two-sided 0’ ideal it is AI for some j. 
Hence DA9 is again a power of A and this we will take as A”. It is easily 
seen that A” C Ad, for if not then 
PO 3 A8 2 Aa = O’MO’ 1 M, a contradiction. We now claim that 
A3e C M. A3e = A”A”A” C /\“AdA” = l\bO’MO’AB 
= ABMl\” 
C POMP0 
= P2M 
CM. 
But, since A and 0 are both Rp modules of the same Rp rank, there is 
some power of P, say P”, such that P”O C A3e, hence P80 C M. Q.E.D. 
We can now deGne a local equivalence relation on 0 ideals M by 
M N N iff M = PiN for some integer j. If [M] = {N 1 N - M>, we can 
define [MI] . [M.J = [M,M,]. It is easily checked that this operation is 
well defined and hence gives a semigroup structure to the equivalence 
classes. If we consider only powers of a fixed class [Ml, we have abelian 
semigroup. By virtue of Lemma 1 we can choose a representative for each 
power of M lying between 0 = L(M) n R(M) and Pa0 for some integer s. 
Since RJP is finite and A is a finite-dimensional K algebra, we have that 
O/P80 is also finite. Therefore, the powers of [M] form a finite abelian 
semigroup, and hence contain an idempotent class. It follows easily that 
an idempotent class contains a (unique) idempotent ideal, for if Mzt = 
PkMt, then the ideal P-kMt is idempotent. Therefore we have proved: 
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LEMMA 2. Let M be a jinitely generated RP module in A such that 
K . M = A. Then some power of M is of the form PtI, where I is an idem- 
potent RP module. 
From Definition 1, we see that M&fM C M for all M; hence idempotent 
ideals are weakly invertible, for &I clearly contains M in this case. If we 
now return to the situation where R is an arbitrary Dedekind domain, 
through localization we may simply apply Lemma 2 to show that for 
each prime P of R there is an integer tp such that Mp (the localization of M 
at P) raised to the t, power is weakly invertible. We now note that for all 
but a finite number of primes of R, 0 = L(M) n R(M) localizes to a 
maximal RP order, and therefore all of its two-sided ideals are two-sided 
invertible. For these primes, we take tp = 1. If we let 2 = IJtP we see that 
(Ml), is weakly invertible for all P. Since local weak invertibility implies 
global weak invertibility (see [3, p. 1871,) we have now proved Theorem 2.4. 
In fact, a somewhat stronger statement holds. By examining the right 
and left inertial ideals of powers of it4 ([3, p. 18 11) we can show that for all 
t > 2, Mt is weakly invertible. 
2 
In this section we give a few examples to show some of the difficulties 
that arise in ideals of a very simple structure. We consider ideals M in 
A = Knxn. We further assume that L(M) n R(M) contains n orthogonal 
idempotent elements. Hence, by a proper choice of basis, M may be 
written as a matrix each of whose entries is an ideal of R. If we restrict 
ourselves further and assume that each of these ideals of R is a power of a 
fixed ideal of R, then M may be written as a matrix of integers, each 
representing the power of this fixed ideal. Further, any matrix of integers 
may be interpreted as an ideal M of this type. Using the formulas of 131, 
computations can be easily programmed. 
EXAMPLE 1. The following ideal is right invertible but not left inver- 
tible. 
68762 
M= i 824% 
49879 111996 
590 
106198 69486 
62707 ! . 
131603 
A simple calculation gives that 
-68762 -19483 -8836 
@= 13094 -590 -24342 4 . 
-49023 -62707 -86459 
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It is easy to see that MM contains three idempotents and hence it is the 
right order of M. But, Ma contains only two idempotents. 
EXAMPLE 2. The following ideal M is neither left nor right invertible 
and, since it is idempotent, neither are any of its powers. 
for any integer a. 
In this case we have 
B=L(M)=R(M)= 
EXAMPLE 3. The following ideal M is a counterexample to Theorem 3.3 
and 3.4. The first power of M which is weakly invertible is 276. 
1023 5042 1042 873 5858 
7287 994 383 3347 6633 
M= ( 9672 8334 2956 2730 9775 i . 
4077 6490 2242 5045 89 
5127 9956 3593 1947 9348 
In this case we have that the 276th power of M is also right invertible. 
Hence this is a counterexample to both conjectures. 
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